Mathematical Preliminaries

We begin the course with a review of vectors, & tensors, and associated calculus, as
they form natural language of transport phenomena.

Scalars
A scalar is a quantity that has a magnitude only. e.g. density, temperature.
Vectors

A vector is defined as a quantity of a given magnitude and a direction. e.g. velocity, v.
We will denote the magnitude of a vector by |v| or simply v.

Two vectors u and v are said to be equal if their magnitudes are equal and when they
point in the same direction; they do not have to be collinear or have the same point of
origin.

Gibbs Notation: \Y;
Cartesian or index notation: v; i=1,20r3

In terms of unit vectors e,,e, and e, in the coordinate directions, v =Vv,e, +V,€, +V,e,

Vector addition Gibbs notation: u+v
Cartesian or index notation {ui+ v}




Vector Multiplication

scalar product: consider two vectors oriented with an angle ¢,, to each other. A scalar
product u-v is defined by u-v =uvcos ¢, .

It then follows thate, -e; = 5; whered; is the Kronecker’s delta,

s JLifi=]
ot i

Consequently, in component form u-v= z u,v,

Summation convention: Sometimes, the summation over index is implicitly understood,
if an index repeats itself. This is referred to as Einstein summation convention

u-v=uyv, u-u=>yu’

Scalar product is:

commutative: u-v=v-u
Not associative: (u-v)w=u(v-w)
Distributive: u-(v+w)=u-v+u-w

The meaning of a vector should not depend on the coordinate system. Suppose we
consider two coordinate systems {1,2,3}and {1, 2, 3}, then a given vector u can be

expressed as

u=>ue => ue
As we can write
3
e[=> (e -e)e,
=1

we get



This can be written as

:
Then, u-u=u'u :(Qg’) Qu'=u"Q'Qu’.But u-u=u'-u"=u"y’. Thus, we find that

This can be true only if

Here, ¢ is the (unit) identity matrix.

Vector Product (Cross Product)

A vector product of u and v is defined as uxv = uvsin ¢,.e, where ey is a unit
vector that is perpendicular to the plane formed by u and v. The direction of e, is such
that (u, v, eu) form a right-handed set. Thus |ux v| is the area of the parallelogram
defined by u and v.

A Euw

Consider a vector product involving unit vectors: € xe; = Z Eii€x
k

where Ejj is the permutation symbol given by



0 i=jorj=kork=i
E, =11 ijk=1232310r312
~1 ijk=132,2130r321

Note that Eijx = Ejki = Exij.
Notation:

Gibbs notation: uxv
Index EijkUjVk (summation implied)

wev=(Sug < (Sve,)

SUxV =Y EpUve
i,j,k

S UXV = (U —UgV, e +(UgV, — U,y )e, +(U,v, —U,V, e,

Vector products are:

not commutative: Uxv=-vxu
not associative: u><[v><w]¢[u><v]><w
distributive: (u+v)><w:u><w+v><w

Multiple Products of VVectors

Consider the following:
(i) a-(bxc)=> a,Eybc, :ij(z EjkickaiJ =b-(cxa)
i,j,k j ik
Proceeding in this manner, we can show
a-(bxc)=b-(cxa)=c-(axb)=(bxc)-a =(cxa)-b=(axb)-c

(if) Two identities involving the permutation symbols can be verified.
Zk: EijkEmnk = Simajn _Sinsjm

Z Z EijkEIjk =29,
k

]

With the help of these one can prove several relations involving multiple vector products.



(iii) consider ax (b xc)

ax(bxc):[zi:aieijx[zj:bjej xzk:ckek} (Za,e,]sz“kb C.&

ljk

= z EmiIEIjkaibjCke _Z{[ZEmqukljaibjck}em

miljk ijkm

=3 (8,8 — 88 ) A0, —Za,bmc.em 2.abicye,

jkm
=(a-c)b—(a-b)c
Thus we have
ax(bxc) =(a-c)b—(a-b)c
(iv) It readily follows from the above that
(axb)xc =(c-a)b—(c-b)a

—_[(C.b)a—(c-a)b] = —cx(axh)

(v) We can also show that
(axb)-(cxd) = (a-c)(b-d) —(a-d)(b-c)

The left hand side can be written as

(ZEijkajbke] (ZEmnp n>p m] ZEukEmpajb Cndp

ijk mnp ijknp

= Z(sjnskp —sjpskn) ab.c,d,

jknp

Z(acbd adb,c,)

= (a-c)(b-d) - (a-d)(b-c)




Second Order Tensor

A second order tensor in 3-D space is an entity that can be represented as an ordered set
of 9 numbers, each of which is associated with two directions.

Tzzrijeiej =T Ty T
ij

T T3 Tag

Again, it is understood from “i,j”” under the summation sign that the summation is over i
= 1,3, and j = 1,3. The second equality merely illustrates another way of visualizing the
tensor. It is clear that the coefficients t; can be organized in the form of a square matrix,

and matrix algebra can be used to handle manipulations, as illustrated later in this section.

' is defined as transpose of T .
t
T = E ;€€
ij

T=1'= symmetric tensor

=—1' = antisymmetric tensor

Any tensor can be partitioned into symmetric and antisymmetric parts
where

What does uv (where u and v are vectors) mean? This is referred to as a dyad. When
the two vectors involved in the dyad are unit vectors of an orthogonal coordinate system
(i.e. u=ejand v = g;) we’ll refer to them as a unit dyad. In 3D, these are 9 unit dyads.
The order of the vector directions is significant and so e,e, and e,e, mean entirely
different unit dyads.

From your earlier mathematics courses dealing with vectors and matrices, you know that
a vector is nothing but a sequence of numbers arranged in some particular order; unless
someone tells you what that sequence refers to, one cannot assign any physical meaning.
For example, when we refer to position vectors, the three elements of the vector refer to
the coordinate locations in some specific orthogonal coordinate systems. If it were a
velocity vector, the three elements refer to velocity components in the three coordinate
directions. Similarly, the matrix elements have no meaning per se, unless someone tells
you how to read the entries. In a similar manner, a tensor has no specific physical



meaning other than a logical means of organizing a set of (nine) numbers. Some one will
have to tell us about the logical organization of the numbers to form a tensor before we
can physically interpret it. Even though this sounds rather abstract when you first
encounter it, we will see in this course that tensors arise naturally in force balances.

Just like vectors, a tensor should not change with coordinate systems, although its
component will change. So if we consider two coordinate systems {e;} and {e"i},

— _ [N
T= Zfijeiej = Ztijeiej
ij ij

In matrix form, this is written as

ere=e gg’ @

€ €€ €6 €& 'e,3 €
€, =& 'ei €, e; €, 'e; elz
! ! ! !
€; €;-€ 3°€ €3-63 €3
Q
In matrix form, this is written as e=0Q¢e, so e're=¢e"Q'zQe’.

Comparing this with equation (a) above, we conclude that

Tensor Manipulations

1)

)

u-T= (Zuieij-[ZTkjekej}
i K, j
=D uTg(e e =2 uTy ()
ik j ik, j

= ZuiTijej (as &, is zero unless i = k and one when i = k)
ij

ijo i

T-u=) Tue=u-T
]



u-T-v= Zu,”J

S T=YS5T,ee

ik

(3) Scalar product of (2" order) tensors, also referred to as a dyadic product:

si1=( Zoge {3

=D S;Tee; 88

i,j,k,l

= z S, TS, (e -€,) (where we have first contracted the inner pair of vectors)
ij.k,l

= Z SikaISjksil

ijk,I

- ZSIJ i

(4) UXT:(Zuiei]XZTjkejek zEmlJ ilijk €mbi
i ik

mijk



Invariant Quantities

In fluid mechanics, we'll frequently be interested in quantities that are independent of
the coordinate system, i.e. quantities that will not change upon translation or rotation of
the coordinate axes. All scalar quantities automatically satisfy this. Consider a vector u.
In two different coordinate systems {ej} and {€{}, it can be written as

u=Xue =X ue

and clearly u; and u are dependent on choice of coordinate systems. However, we
know that </u-u =u (=|u|) is independent of coordinate system. Thus, u is the (only)
invariant in a vector.

A second order tensor has three invariants. For a tensor t, from properties of matrices,

we can conclude that three independent scalars can be formed by taking trace of 1, 1> and
©’. These scalars I, I, & Il are invariant under coordinate transformation

| =tr (r):zi:r“
Il =tr(z)’ =2 TiTj
m=tr(z)’ = Z;Zk:ri,-r,-km

The most commonly encountered invariants are Iy, I, and I3, defined according to
_ — 1 2 — 1 3 _
L=1, |2_§(| — 1), '3‘5(' =31 - 11+ 2111) = det (1)

Where do these come from? Second order tensors, being square matrices, have eigen-
values associated with them. Later in the course, we’ll discuss these in the context of
principal stresses and principal rates of deformation. For now, it suffices to say that these
eigenvalues are found by solving the characteristic equation

det (- A1) = 0 (which in matrix notation takes the form det (1—25)=0)

where | is an identity tensor defined as | = ZSijeiej , & 1s the identity matrix,
i ~
and A is the eigenvalue. Expanding the characteristic equation (for 3-D), one gets
EP=LA+LA-1;=0

(and there are 3 eigenvalues).



Vector Differential Operators

In transport phenomena, we are frequently interested in field variables, which are
functions of position; in particular, we wish to represent how these field variables vary
spatially. Gradient operators naturally enter in the analysis of such problems. Let us first
focus on a rectangular coordinate system so that the unit vectors {e,, e, es;} are constants
when integrating or differentiating.

Gradient operator, V, “del” V = eiai( )
Xi
when this is applied to a scalar f(x,t), V= iel jtie2 +ie3

0X, oX, OX,4

Thus, the gradient of a scalar is a vector. The value of f at a location 6x away from X, is
given (to first order accuracy) by

f(x +3x.t) ~ f(x, t) + V- 3x + O(|5x|?).

When gradient operator is applied to a vector u(x, t), we get a second order tensor.

ou, ou, Ou,
index notation 6Xl aXl 6X1
Gibbmation aU
Yo - i gp = ou, ou, ou,
ivj
T OX; 0X, OX, OX,
ou; ou, ou,
OX; OX; OXg

Divergence of a vector field represents a scalar product of V with the vector field.

ou.
Vu = > —
Gibbs notation T~ OX,

LTV
index notation

Divergence of a vector is

not commutative: V.uzu-V
not associative: V-su=Vs-u
distributive: V(u+v)=V-u+Vv-v

10



Divergence of a tensor, V-1

o,
ve -3,
Gibbs notation 1. OXj

%/_J
index notation

Curl of a vector field is the cross product of V with a vector field u.

v
Vxv, =>E, —*e

Kk
0 ©

Gibbsnotation  ijk X;
index notation

(V xv) is sometimes written as (curl v).

L aplacian of a scalar field, V.V(: VZ)

o*f
VH=V.VE=) —,
Zi: oX?
SO we write
2 0
vi=y—
Z‘axf( )
Laplacian of a vector field, v:
O°V.
Viv=V(Vv)= Z_eax?l J.

i

Vector-tensor identities (Solved examples in Deen, pp. 562-563)

V(WH(W) )= VAV (V-V)
V(t-v) = TVv+v(V-1)

These can be proved by expressing the terms in component form in a rectangular co-
ordinate system.

11



Time Derivatives of a field variable

Consider a scalar field f(x,t). The Eulerian derivative of f is defined by (Z—U and it

X

describes observations recorded by an observer stationed at Xx.

Next suppose that the observer is at x at time t, and is traveling at a velocity, ¢
Then the rate of change of f that this observer will record is no longer the Eulerian
derivative (unless c = 0).

df . f(x+cott+8t)-f(x,t
CARTMILL AR
ot—0

:(ﬁj +c-Vf
ot )y

d(-) . ) L.
% is thus a convective derivative.

In analysis of transport phenomena, we’ll frequently be concerned with changes seen
by an observer who is moving at the local velocity of the fluid itself. Denoting this
velocity by v, we write
Df ( of

—= —j +Vv-Vf
Dt \ ot ),

anda is reserved to represent this type of derivative, known as material derivative.

Time derivatives of vector fields (u(x,t)) are defined similarly:

Eulerian Derivative : (ﬁ_uj
ot )y
. . du ou
Convective Derivative: d_ 8_ + c-Vu
Material Derivative: %: 6—” +v-Vu
Dt ot ),

12



Coordinate transformation

The definitions of vector differential operators in Cartesian component forms
described earlier are limited to rectangular coordinate systems. We use in practice
cylindrical and spherical coordinate systems quite frequently, and the gradient operators
are more complex in these coordinate systems. It is, however, straightforward to derive
appropriate definitions in these systems. To see how this is done, let us suppose we have

a rectangular coordinate system (X,,X,,X,) and another one (&,&,,&;) which is not
rectangular (but is locally orthogonal).

If we have a field variable f(x,,x,,x;), this can be rewritten as g(&,,&,,&;). A

different symbol ‘g’ is used to emphasize that the functional forms of f & g will, in
general, be different. The chain rule for differentiation is written as:

Ay (2 (&) Lfa) (&) [a) (&) o
axl X2,X3 aél €2.83 8X1 X2:X3 8&2 &.&3 axl X2.:X3 8&3 1,82 axl X2,X3

(and similarly for differentiation with respect to x, & x3). Then if e;,e, and e, denote
unit vectors in the &;, &, and &; directions at the point (&1, &, &3), then we can write

ei:Z(ei-e;)e}, i=13

v :i[i]ei -3 ki{%g][%](ere;)e;

so that

Example 1: Let (X, Yy, z) be a rectangular coordinate system. Let (r, 6, z) be a cylindrical
coordinate system having the same origin as the rectangular coordinate system and let the
z-axes of the two systems be collinear. ExpressVa and V - v, where v is a vector field and
a is a scalar quantity, in a cylindrical coordinate system.

Clearly, r=yx*+y?,  O=tan'(y/x), z=z (seesketch in next page)
According to chain rule, equation (1) above

20) _ o0 )J{—sineja( ) ,20)
OX or r 09 0z
o() . .0() (cos)o( ) o( )
W_sme r ( r jae 0 0z (I)
o) _a0)

Z 0z

13



Also
e =cos0-e, +sinbe, +0e,

€y
e, =(-sin®)e, +cosb e, +0 e, (i) 0. &
ez :ez rl er
o >
This can be rewritten as y e g
//
e, ,=cos0e -sinde, i
. ' 0
e, =sinBe +cos O e, (iii) LY X
e, =¢6,
As
0 0 0 .. -
V= ( )e + ( )e + ( )e z-axis is pointing out of the paper

we obtain from (i) & (iii) that

V:er£+eeli+ezi. (iv)
or r oo 0z
Therefore

oa 1oa oa

Va:er5+eeF%+eZE (v)
One can deduce from (ii) that
%(er) =0 (ase,.e, &e,are constants)
%(er) =-sin0 e, +cos0-e, =g,
(o)== (e)) = (e) =0

%(ee)z—cos Oe —sinbe, =-e

r

.. V-v, where v is a vector field, can be written in a cylindrical coordinate system as

14



(8 18 0

V-v=le —+e,-—+e,— [-(V.e, + Ve, +V,e,)
or r oo 0z

ov, Vv, lovy, ov,

L4y 0y

or r roo oz

Example 2:  Express Vv in a cylindrical coordinate system. Following the same
procedure as in divergence operations, we can deduce that

- 8VI‘ 8\/9 Z
Vv = ee, +—>-€,8, + ee,
or or or
(1 ov, vej (1 oV, vrj 1ov,
+| = |68, +| =+ |e,8, + 26,8,
roo r r 00 r r 0o
ov, ov, ov,
+ e,e, +—-e,8, + e,e,
0z 0z 0z

Example 3: Express V-1 in a cylindrical coordinate system.

0 10 0
V-t=<e —+e,—+€e,—- E e.e.
v { “or 'Y o0 Zaz} {9 b ’}
+8rre_ ot

ot
=—=0".g, g, +—=¢
or or or

101, 107, 101,
+-—T.g +=—N.g +=—2¢
r oo r oo r oo

z

0 0 0
—(€.€ )+ —(ee,)+1,— (€€
Trr ae( r r) Tre 89( r 9) Trz ae( r z)
0

0
20 (0€6) + Ty, % (ee8,)

0
=€ T T %(eeer) + Too

0 0 0
+Tt, —(€.e )+ —(e,6,)+ —(€,¢
Tzr ae( z r) Tz@ ae( z 9) Tzz ae( z z)

15



The final group of terms leads to

T T T T T
e +2e,+—2e, +—Leg,——Xe
r r r r r

re

V.T=(%+h_rﬁ+l%+%]er
or r rroe oz

N 8Tr9+16199+81:29+r_re+h e,
o r o oz r r

ot, lot, ot,, 1,
+ += + +—% e,
o r oo 0z r

Example 4:

r, er

Consider the Cartesian (X, y, z) and spherical (r, 6, ¢) coordinate systems shown above.

_ [y2 2 2
Clearly, F=yx ty +2

X =rsin@cosg, y =rsindsing, z=rcosdo.

Furthermore,

16



e, = sind cosg e, +sind sing e, +coso e,
€y = COSH Cosg €, +cosd sing e, —sind e,
e, =-sing e, +C0sg e, .

These can be inverted to obtain

sing cosg e, +cos6 cosg e, —sing e,

eX
e, = sin@sing e, +cosd sing e, +cosp €,
e, =cosd e, — sind e,

Show that Va=e @+e l@+ 1 e @, where a is a scalar.

“or °roo rsin® * oo

Also show that, for any vector v,

ia(rzvr) 1 0(vesin®) 1 ov,

Vv=— +— +— .
r or rsino 00 rsin® oo

17



Integral Transformations

In mathematical analysis of transport problems, the following integral theorems are
very useful.

Gauss-Ostrogradskii Divergence Theorem

If V is a closed region in space enclosed by a surface S, then

j (V-u)dV = j (n-u)ds (a)

\ S

where n is the outwardly directed unit normal vector. Two closely allied theorems for
scalars and tensors are:

IVf dV:j nf ds (b)

jv.rdv:j (n-1)ds (c)

S

The last relation “c” is also valid for a dyad u v. Similarly (b) is valid if f is replaced by a
vector u.

Green's ldentities

Suppose u = ¢Vy where ¢ and  are scalar functions with continuous 1% and 2™
derivatives in a closed region V. Then

V-u=V-(4Vy) =Vo-Vy +oVy

.. from divergence theorem,

[ Vo-Vy+oviy)dv=[ v.udv=| n-uds=] ¢‘2—:ds (d)

where n-Vy EZ—W. This is known as Green'’s first identity.
n

18



Exchanging ¢ and v, we get
2 o9
| (Vu-Voryvig)dV = y—ds (©)
v on
Combining (d) and (e), we get Green's second identity

[ @viv-yvipav=[ 45 -y has 0

\

Leibniz Formula for Differentiating Inteqrals

In transport problems, we frequently deal with differentiating expressions such as

G(t) = j f(x,t)dV

V(t)

where a field f is changing with time and the closed region of interest, V, is also changing
with time. A generalization of Leibniz's rule in 1-D to multi-dimensional space takes the
form

dG of
—= —.dV + n-v.)fds
dt J ot S({) (- Vs)

V(1)

where the 2™ term accounts for the change in V. Here vs denotes the velocity of the
surface which can be a function of position and time and n is unit outward normal.
Clearly, when the volume V is invariant with time, the 2" term drops out.

S(t)

19



b= [ a(xt)dv
V(t)
then ﬁzj @dV-FJ. (n-vg)ads
dt V(t) ot S(t)

Position Vectors

A position vector, r, is a vector that extends from an arbitrary reference point
(typically the origin of the coordinate system) to a point of interest in space.

r=re, +ze, (in cylindrical)
=X,€, + X,€, + X;€, (in rectangular)
One can readily prove that
Vr=9% (identity tensor)
V-r=38;[=3 (in3D)]
Vxr=0

By applying Gauss-Ostrogradskii theorem, one can show that

where Sg represents a spherical surface of radius R, having the same origin as used to
define r.

20
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